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We show that (3 + 1) vacuum spacetimes admitting a global, spacelike, one-parameter Lie group
of isometries of translational type cannot contain apparent horizons. The only assumption made
is that of the existence of a global spacelike Killing vector field with infinite open orbits; the four-
dimensional vacuum spacetime metric is otherwise arbitrary. This result may thus be viewed as a
hoop conjecture theorem for vacuum gravity with one spacelike translational Killing symmetry.
PACS numbers: 04.20.Dw, 04.20.Jb
The main purpose of this paper is to probe the relation
between geometry and the existence—or lack thereof—
of horizons in general relativity. Curiously, this aspect is
normally overlooked in favor of the relation between grav-
itational mass and horizon formation, with the notable
exception of the so-called hoop conjecture, which makes
a definite (albeit loosely defined) statement about the
combined role of geometry and mass in horizon forma-
tion: “Horizons form when and only when a mass m gets
compacted into a region whose circumference in every di-
rection is C . 4πm” [1]. Despite inherent ambiguities in
the definitions of horizon, mass, and circumference, no
known counterexample appears to exist [2]. While many
examples corroborating the validity of the conjecture are
known, none of these answers the fundamental question
of why is it that mass needs to be compacted in all three
spatial directions to form a horizon?
Thus motivated, we investigate here a large class of
spacetimes which, by construction, cannot admit spa-
tially bounded distributions of mass, and show that
apparent horizons (outer marginally trapped surfaces,
which are the outer boundary of a trappped region) can-
not develop in such spacetimes. To this end, we con-
sider four-dimensional vacuum spacetimes (M,g), with
the minimal assumption that they admit a global space-
like Killing vector field (KVF) of translational type with
open orbits, i.e., there is a one-dimensional Lie group of
isometries G1 = R acting on a three-dimensional sub-
manifold M, such that M ≈ R×M. This translational
symmetry mollifies the restrictions of cylindrical symme-
try, which requires an additional KVF with closed orbits
(commuting with the G1 KVF, such that the orthogonal
subspace is integrable), and is given by a two-parameter
spacelike Lie group G2 = R× U(1) acting on R3.
It is well known that, in the presence of one global
spacelike KVF, Einstein’s equations for (3 + 1) vacuum
gravity are equivalent to (2 + 1) gravity coupled to mat-
ter fields related to the norm and twist of the isometry-
generating KVF [3, 4]. By studying the dimensionally
reduced system induced by the G1 group, we show that
the three-dimensional matter content obeys the domi-
nant energy condition, which in turn enforces—together
with the field equations—the absence of apparent hori-
zons in the (2+1) spacetime. That no apparent horizons
form in the full four-dimensional spacetime then follows
from its G1-induced topological product structure. Nat-
ural geometrized units, in which 8πG = c = 1, are used
throughout.
Proposition 1: Let (M,g) be a (3 + 1)-dimensional
vacuum spacetime, admitting a global spacelike one-
parameter Lie group of isometries, G1 = R. Then the
Einstein equations for (M,g) are equivalent to those for
(2 + 1) gravity coupled to divergence-free harmonic map
fields.
Proof. In what follows, we adopt the dimensional re-
duction approach developed by Moncrief [4] for space-
like U(1) isometry groups. Let the coordinates in M be
{x3, xi; i = 0, 1, 2}, and take the global spacelike KVF to
be ∂x3 , whose space of orbits, under G1 actions, induces
a three-manifoldM≈M/R . The four-metric in M can
then be written as
ds2 = e−2φγijdxidxj + e2φ(dx3 + βadxa + β0dt)2, (1)
where |∂x3 | ≡ eφ, and the induced Lorentzian metric on
the quotient manifold M ≈ R × Σ admits the ADM de-
composition
γijdx
idxj = −N˜dt2+ σ˜ab(dxa+ N˜adt)(dxb+ N˜ bdt), (2)
where the indices (a, b, c, ...) refer to two-dimensional
quantities, denoted by a tilde, defined on Σ. Introduc-
ing momenta (p˜, e˜a, π˜ab) conjugate to (φ, β˜a, σ˜ab) in the
usual way, the Einstein-Hilbert action is
S =
∫
M
dtd2x(π˜abσ˜ab,t + e˜
aβ˜a,t + p˜φ,t − N˜H˜ − N˜aH˜a
−β0e˜a,a), (3)
where the canonical Hamiltonian scalar and momentum
vector densities are, respectively,
H˜ = 1√
σ˜
[π˜abπ˜ab − (π˜aa)2 +
1
8
p˜2 +
1
2
e−φσ˜abe˜ae˜b]
+
√
σ˜{−(2)R+ 2σ˜abφ,aφ,b
+e4φσ˜acσ˜bdβ˜[a,b]β˜[c,d]}, (4)
H˜a = −2∇˜bπ˜ba + p˜φ,a + 2e˜bβ˜[b,a]. (5)
The constraint equations for the action S are
H˜ = 0, H˜a = 0, e˜a,a = 0, (6)
2and are equivalent to the four-dimensional constraints,
restricted to the assumed symmetry class. The “electro-
magnetic” constraint e˜a,a = 0 allows for the introduction
of a pseudoscalar function ω (the “twist potential”) via
e˜a := ǫabω,b, (7)
(we remark that there is in general an additional “har-
monic” term, which vanishes for R2 topologies) which can
be used to replace the explicit dependence of S on (β˜a, e˜a)
by that on (ω, r˜), where r˜ ≡ (√σ˜/N˜)(ω,t− N˜aω,a) is the
canonical conjugate momentum to ω. In terms of these
new variables, Eq. (3) reads
S =
∫
M
dtd2x(π˜abσ˜ab,t − N˜H˜G − N˜aH˜Ga ) + SM, (8)
where the first integral is just the canonical action for
pure (2 + 1) gravity, and
SM =
∫
M
dtd2x
{
p˜φ,t + r˜ω,t − N˜
[
1√
σ˜
(
p˜2
8
+
e4φ
2
r˜2
)
+
√
σ˜(2σ˜abφ,aφ,b +
1
2
e−4φσ˜abω,aω,b)
]
−N˜a(p˜φ,a + r˜ω,a)}
=
∫
M
√−γd3x γij(2φ,iφ,j + e
−4φ
2
ω,iω,j)
=
∫
M
√−γd3xhABΦA,iΦB,jγij , (9)
where the fields ΦA = φδA1 + ωδ
A
2 define a mapping be-
tween (M, γ) and a hyperbolic target two-space V ≈ R2,
with Riemannian metric hAB = diag(2, e
−4φ/2). From
Hamilton’s equations, it follows that the equations of mo-
tion for ΦA are just the critical points of the functional
(9), which are given by
γij∇iΦA,j = γij(ΦA,ij − ΓkijΦA,k + ΓABCΦB,iΦC,j) = 0, (10)
which is known as the harmonic map equation, whose
solutions are thus called harmonic maps [5], and play an
important role in several different areas of physics [6].
The stress-energy tensor associated with the harmonic
map fields ΦA is
Tij [Φ] := − 1√|γ|
δSM
δγij
= Φ,i · Φ,j − 1
2
γijΦ,k · Φ,k, (11)
where the dot denotes scalar product in the metric hAB
of the target space V . One can readily check that Tij is
divergence-free:
∇iT ij = Φ,j · γik∇iΦ,k = 0, (12)
where the last equality follows directly from the har-
monic map equation. Summarizing, the action for four-
dimensional vacuum gravity with one global spacelike
KVF of translational type reduces to Eq. (8), which is the
action for (2+1) gravity coupled to harmonic map fields.
Since the quotient manifoldM is three-dimensional, the
associated spacetime cannot contain any gravitational-
wave degrees of freedom (we note, however, that on
higher-genus surfaces there are a finite number of Te-
ichmu¨ller degrees of freedom, which are absent on R2),
and the dynamics must therefore be encoded in the har-
monic map fields ΦA through the βi dependence [cf. Eq.
(1)], which act as a divergence-free source for the reduced
three-dimensional Einstein equations. 
Proposition 2: The stress-energy tensor associated with
harmonic map fields obeys the dominant energy condi-
tion.
Proof. The dominant energy condition states that [7],
for all future-oriented timelike vector fields V i, the flux
vector field J i ≡ −V jT ij is future-oriented and non-
spacelike. For harmonic maps ΦA with stress-energy ten-
sor given by Eq. (11), we have
J i = −Φ,i · V jΦ,j + 1
2
V iΦ,k · Φ,k, (13)
and thus
J iJi =
1
4
(V iVi)(Φ,j · Φ,j)2, (14)
which is nonpositive for V iVi < 0, i.e., J
i is non-
spacelike, for any timelike V i. Now, since V i is future-
oriented by assumption, J i will be too provided V iJi ≤ 0.
From Eq. (13) this condition reads
−(V iΦ,i) · (V jΦ,j) + 1
2
(V iVi)(Φ,k · Φ,k) ≤ 0. (15)
An obvious sufficient condition for the inequality to hold
is
(V iΦ,i) · (V jΦ,j)− (V iVi)(Φ,k · Φ,k) ≥ 0. (16)
On M introduce locally Gaussian normal coordinates
{ξi}, wherein γGNCij dξidξj = −dτ2+Ω˜abdξadξb, and then
rotate the basis vectors such that V i = δiτ . The inequal-
ity above reads then
Ω˜abΦ,a · Φ,b ≥ 0, (17)
which is evidently satisfied, since Ω˜ab and the target-
space metric hAB are Riemannian metrics. This com-
pletes the proof. 
Proposition 3 (Ida’s Theorem): Let (M, γ) be a (2+1)-
dimensional Lorentzian spacetime satisfying the Einstein
equations G(γ) = T. If T obeys the dominant energy
condition, then there are no apparent horizons in (M, γ).
Proof. The idea of the proof—originally due to Hawk-
ing for the proof of S2 topology of event [8] and apparent
horizons [9] in asymptotically flat stationary spacetimes,
and recently used by Ida [10] in the context of the BTZ
black hole—consists in showing that, if an apparent hori-
zon, A, exists and the dominant energy condition is satis-
fied, then one could deform A outward, so as to produce
3a new closed surface Aˆ just outside A, which is contained
in a trapped region, thereby contradicting the ansatz that
the former is the outer boundary of a compact trapped
region. Ida considers (2 + 1) gravity with a positive cos-
mological constant, Λ > 0; here, we give an outline of the
proof for (2+1) gravity coupled to a generic stress-energy
tensor with Λ = 0 (albeit subtle, the distinction merits a
discussion).
In what follows, we use a three-dimensional analogue
of the Newman-Penrose (NP) tetrad formalism [12], and
have thus changed the signature of the Lorentzian metric
γij to −1, to conform with the standard NP construction.
We begin by considering a (2 + 1) foliation M≈ R× Σ,
where Σ is a spacelike two-surface. Assume that Σ con-
tains a trapped region T—not necessarily simply con-
nected nor compact—and let the outer boundary of T be
a closed curve C = ∂T , such that T has the structure of a
manifold with a boundary (which is therefore orientable).
By definition, C is an apparent horizon [11], character-
ized by the vanishing of the expansion of future-oriented,
outward-pointing null geodesics orthogonal to it. Now
let li± be future-oriented null (outgoing/ingoing) vector
fields orthogonal to Σ at C, and mi be a unit spacelike
tangent vector field to C. These vectors form a triad
{li±,mi}, normalized such that
l±i l
i
± = l
±
i m
i = 0, l±i l
i
∓ = −mimi = 1, (18)
γij = 2l
+
(il
−
j) −mimj . (19)
The unit spacelike outward vector orthogonal to C is
ui = 1√
2
(li+ − li−), which obeys uimi = 0, and can al-
ways be made to lie on Σ by null boosts li± → e±hli±, for
some real-valued function h. We now deform the curve
C pointwise outwards along the vector field ξi = efui
(where f is a real-valued function on Σ), so as to pro-
duce a new closed curve Cˆ, satisfying∮
Cˆ
ds >
∮
C
ds, (20)
where s is proper length on Σ. To keep the deforma-
tion confined to Σ without destroying the tangency of
mi and the orthogonality of li± to Cˆ, we require Lξmi =
Lξ(li±mi) = 0, which leads to
κ− τ + β − δf = 0, (21)
ν − π − β − δf = 0, (22)
where the usual NP notation for the spin coefficients and
directional derivatives was adopted:
κ = miDl
i
+, τ = mi∆l
i
+, β = l
i
−δl
+
i ,
ν = mi∆l
i
−, π = miDl
i
−,
D ≡ li+ (3)∇i, ∆ ≡ li− (3)∇i, δ ≡ mi (3)∇i. (23)
The outgoing geodetic expansion associated with li+ is
ρ := (3)∇ili+ = (l+i ∆+ l−i D −miδ)li+ = −miδli+, (24)
and its change along ξi is
Lξρ = e
f
√
2
(Dρ−∆ρ), (25)
where the directional derivatives of ρ along li± are given
by the NP-like equations
Dρ = ρ(ǫ − ρ)− δκ+ (2β + τ + π)κ+ ϕ++, (26)
∆ρ = ρ(µ− γ)− δτ + τ2 + κν + ϕ+−, (27)
where
ǫ = l−i Dl
i
+, γ = l
+
i ∆l
i
−, µ = miδl
i
−,
ϕ++ = Rijkll
i
+m
j lk+m
l = −Rikli+lk+,
ϕ+− = Rijklli+m
j lk−m
l = Rikl
i
+l
k
− −
R
2
. (28)
Since ρ = 0 on Cˆ by construction, Eqs. (21), (22), and
(25)-(28) yield
√
2e−fLξρ = δ(β−δf)−(τ −κ)2−Rij(li+lj++ li+li−)+
R
2
.
(29)
The second term is manifestly negative [15], and the first
term can always be made to vanish on Cˆ by appropriate
choice of f , e.g., by imposing β = δf , which leads to a
first-order linear PDE for f on Σ, or by parametrizing Cˆ
by proper length s and defining f :=
∫
s
βds−c0s, c0 ∈ R
[which identically satisfies δ(β − δf) = 0] . Thus, a suf-
ficient condition for the right-hand-side of Eq. (29) to
be strictly negative is that the last two terms are non-
positive. Einstein’s equations, G = T, together with the
assumption that T obeys the dominant energy condition,
imply (by continuity for null vectors)
G(l+, l+) = Rij l
i
+l
j
+ ≥ 0, G(l+, l−) = Rij li+lj−−
R
2
≥ 0.
(30)
Therefore, the right-hand-side of Eq. (29) is strictly neg-
ative [16], i.e., future-oriented outgoing null geodesics or-
thogonal to Cˆ are converging (negative expansion). But
this means that Cˆ is contained in a trapped region, which
contradicts the assumption that the former is an outer
marginally trapped surface. Hence, (M, γ) cannot con-
tain apparent horizons. 
Theorem: Let (M,g) be a four-dimensional Lorentzian
spacetime obeying the vacuum Einstein equations G(g) =
0. If (M,g) admits a global spacelike G1 group of trans-
lational isometries, then it cannot contain G1-invariant
apparent horizons.
We first note that, the translational symmetry pre-
cludes apparent horizons from being homeomorphic
to S2—the standard topology in asymptotically flat
spacetimes—since one can always continuously deform
any such surface along the symmetry direction, whereby
the property of outer boundary of a compact region is
lost: Take a spacelike hypersurface (3)Σ ⊃ R, where
R ≈ S2 is assumed to be an apparent horizon. Let
4(3)Σ = R × (2)Σ be foliated by a family of two-
surfaces (2)Σz ≈ R2, where each z ∈ R denotes a given
slice.Translational invariance means that any two such
slices are isometric. Take then a slice (2)Σz1 such that
(2)Σz1 ∩ R = C ≈ S1, and consider the spacelike hyper-
surface (3)Ξ = [0, a] × (2)Σz1 , where a ∈ R+\{0}. The
manifold
(3)Σ˜ = {(−∞, z1]× (2)Σz1} ∪ (3)Ξ∪ {[z1,+∞)× (2)Σz1}
is geometrically identical to (3)Σ and has an “extended”
apparent horizon which containsR by construction—this
contradicts the assumption that R is the outer boundary
of a compact trapped region. Similar arguments can also
be given to rule out topological S1 × R surfaces which
are not G1-invariant [17].
We shall therefore take apparent horizons in R-
symmetric spacetimes to be G1-invariant topological S
1×
R (where the R factor corresponds to the orbits of the
KVF) spacelike two-surfaces, which are outer marginally
trapped, and are the outer boundary of a (non-compact)
trapped region along the spacelike two-sector of the quo-
tient Lorentzian spacetime induced by the orbits of the
KVF.
Proof: Consecutive application of Propositions 1 thru
3 implies that there are no apparent horizons in the quo-
tient three-dimensional spacetime (M≈M/R, γ), which
arises from dimensional reduction of vacuum (3+1) grav-
ity under G1 actions. We must now relate the absence
of apparent horizons in the (2 + 1) spacetime to that in
the original (3+1) picture. The proof proceeds by reduc-
tio ad absurdum: assume that an apparent horizon exists
in (M, (4)gµν), and then show that this implies that the
reduced (2+1) spacetime also contains an apparent hori-
zon, which contradicts Proposition 3. Let us then assume
that there is a spacelike hypersurface (3)Σ which contains
an apparent horizon, i.e., a two-surface (2)A ≈ S1 × R,
which is the outer boundary of a trapped region, and
satisfies
[
(4)∇µ (4)lµ
]
(2)A
= 0, (31)
where (4)lµ is the vector field tangent to future-oriented
outgoing null geodesics orthogonal to (2)A. Now take a
spacelike two-surface (2)Σ ⊂ (3)Σ transverse to the orbits
of the KVF, so that
(2)Σ ∩ (2)A = C ≈ S1,
where C has tangent vector field (3)ti and future-oriented
outgoing null normal (3)li, with respect to the Lorentzian
three-metric (3)gij on the manifold given by the Cartesian
product R× (2)Σ. By construction, C is the outer bound-
ary of a trapped region in the reduced spacetime [18], but
one still needs to require that the projection of (4)lµ onto
the quotient manifold,
li⊥ ≡⊥iµ (4)lµ = (δiµ − (4)ξµ (4)ξi) (4)lµ, (32)
be collinear with (3)li and has vanishing divergence. This
leads to the conditions
li⊥l
⊥
i = 0, (33)
li⊥
(3)ti = 0, (34)
(3)∇ili⊥ = 0. (35)
What is fixed, and what are the variables in the equations
above? Equation (33) reads
[e−2φ(−N˜2 + σ˜abN˜aN˜ b) + e2φβ20 ]
(
lt⊥
)2
+2(e−2φσ˜abN˜ b + e2φβ0βa)la⊥l
t
⊥
+(e−2φσ˜ab + e2φβaβb)la⊥l
b
⊥ = 0. (36)
Equation (34) has a similar form. The components
li⊥ and
(3)ti are automatically given by the choice of
slicing surface (2)Σ, and the objects {φ, β0, βa, σ˜ab} are
determined by the field equations (either in full four-
dimensional form, or in the equivalent reduced formu-
lation). Equations (33)–(34) form thus a coupled system
of second-degree polynomial equations for the three vari-
ables {N˜, N˜a}, which one may solve for N˜a for a given
N˜ . Condition (35) may be written as
(3)∇ili⊥ =
1√
|(3)g|
(√
|(3)g|li⊥
)
,i
=
(
ln
√
|(3)g|
)
,i
li⊥ + l
i
⊥,i = 0. (37)
The second term is known, and the first term contains
only first derivatives of N˜ , i.e., we have a linear first-
order PDE of gradient type for N˜ , wherein existence
and uniqueness follow from standard linear PDE the-
ory [13]. Geometrically, the lapse N˜ and shift N˜a control
the embedding of the spacelike two-surface (2)Σ in the
(2 + 1) spacetime (the intrinsic geometry of (2)Σ is given
by σ˜ab, and is of course independent of such embedding),
whereby the full three-metric is determined. It is pre-
cisely this gauge freedom which allows us to construct a
(2 + 1) spacetime whose metric is such that Eqs. (33)–
(35) are satisfied, whence C is an apparent horizon in the
reduced spacetime. But this contradicts Proposition 3,
and thus apparent horizons cannot exist in (M, (4)gµν).

By means of example, we work out explictly the case
where the KVF is hypersurface-orthogonal (βa = β0 = 0)
and has constant norm (φ = φc = const.):
(4)ds2 = gµνdx
µdxν = e−2φcγijdxidxj + e2φc(dx3)2.
(38)
Note that |g| ≡ det(gµν) = e−4φdet(γij) ≡ e−4φ|γ|. Let
(3)li be the vector field tangent to future-oriented outgo-
ing null geodesics orthogonal to a given closed spacelike
one-curve in M. In terms of the four-dimensional coor-
dinates we have
(4)lµ = (3)liδµi ≡ li⊥, (39)
5which automatically satisfies Eqs. (33)–(34). The four-
divergence of (4)lµ is then
(4)∇µ (4)lµ = 1√|g| (
√
|g| (4)lµ),µ
=
1√
|γ| (
√
|γ|li⊥),i ≡ (3)∇ili⊥. (40)
Since (4)∇µ (4)lµ = 0 by assumption, Eq. (35) is also
automatically satisfied.
This theorem constitutes thus compelling evidence to-
wards the validity of the hoop conjecture, which puts
forward a necessary and sufficient condition for horizon
formation in general relativity: horizons form if and only
if mass is sufficiently compacted in all three spatial direc-
tions. Our result explains—in the context of vacuum
gravity—the “only if” part of the conjecture, by showing
that if mass cannot be compacted along one spacelike di-
rection, then the spacetime cannot contain apparent hori-
zons. This no-horizon property of vacuum gravity with
a translational spacelike KVF is not a mere geometrical
artifact; rather, it is a genuine feature of the theory, en-
forced by the field equations. It should be clear that the
inclusion of a positive cosmological constant leaves our
conclusions unchanged. The result holds for any vacuum
metric with translational symmetry, wherein all known
axial and cylindrical solutions—for which the absence of
apparent horizons has been explicitly demonstrated—are
included. We further remark that, unlike several existing
trapped-surface results, which resort to larger isometry
groups [e.g., SO(3)], special choice of spacelike slicing
(e.g., maximal), and restrictions on the initial data (e.g.,
time-symmetric), this result is free from all such limita-
tions, and relies solely on local properties of null geodesic
congruences, which are insensitive to the details of the
metric and initial data, but depend crucially on the di-
mensionality of the spacetime: in three spacetime dimen-
sions, terms that would otherwise (in four dimensions)
be present in the NP-like equations (26)-(27), are now
absent, which is precisely what allows for the difference
of these two equations to be strictly negative, whereby
Proposition 3 is proved.
Finally, we point out that this result also has poten-
tial implications for cosmic censorship for vacuum gravity
with the chosen KVF. To the author’s best knowledge,
there are no large data global existence results for the
vacuum Einstein equations with one spacelike KVF [14],
which can thus—at least a priori—develop nonspacelike
singularities. Any such singularity would be at least lo-
cally naked, since the spacetime is free of apparent hori-
zons, thus in clear violation of the strong cosmic censor-
ship conjecture. The implications for weak cosmic cen-
sorship are less clear, since the former requires an event
horizon, the definition of which for non-asymptotically-
flat spacetimes is lacking. Although it seems likely that
event horizons (defined in a suitable sense) cannot exist
either—the no-horizon proof in this paper is independent
of a particular spacelike foliation choice, and it is difficult
to imagine a spacetime that is free of closed trapped re-
gions for every possible slicing and yet contains an event
horizon—because of ambiguities with the definition of the
former we shall not pursue this discussion here.
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of the triad vector fields, thereby reducing the system to
6only one functional degree of freedom for the mi and li−
vector fields. The condition τ = 0 then fully determines
the triad, and hence the curve C. Clearly, any arbitrarily
small perturbation of such curve will yield another curve
which does not satisfy τ = 0. Accordingly, for a generic
closed curve C we have τ 6= 0.
[16] This equation can only vanish identically if, in addition
to taking a highly non-generic curve C which satisfies
κ = τ = 0, we also have Rij l
i
+l
j
+ = −Rij l
i
+l
j
− +R/2 = 0
everywhere along the curve. However, li± are fully deter-
mined at this point, and thus these two conditions will
not in general (if at all) be satisfied. The right-hand-
side of Eq. (29) is therefore strictly negative for a generic
curve C.
[17] Take a given spacelike hypersurface (3)Σ and consider
the foliation (2)Σz : {x
3 = z = const.}, where all (2)Σz
slices are isometric by G1 invariance. Suppose there is
a non-G1-invariant topological S
1 × R trapped surface
(not necessarily an apparent horizon) in (3)Σ, and take
two different slices (2)Σz1 ,
(2)Σz2 ; on each two-slice one
would obtain different topological circles (geometric, for
the case of surfaces of revolution around the x3-axis).
However, such circles are entirely determined by the
metric—via the geodesic equation and the requirement
that the expansion of outgoing null geodesic congruences
orthogonal to the surface vanishes thereon—which, by
G1-invariance, must be the same on both slices. This is a
contradiction, and thus such x3-dependent surfaces can-
not exist.
[18] If C was interior to the actual trapped region, simply by
taking the product R× (2)Σ one would obtain a (2 + 1)
spacetime with a trapped topological cylinder which co-
incides with the original apparent horizon one started
with, which is a contradiction. If C were outside the true
outer boundary, an analogous procedure would lead to
the contradiction that the apparent horizon one started
with was untrapped; specifically, there would be a region
with topology [0, a]× S1 × R, whose outer boundary co-
incides with the original “apparent horizon”, which is
untrapped.
